INVARIANT MEASURES AND MAXIMAL REGULARITY FOR 
NONAUTONOMOUS ORNSTEIN-UHLENBECK EQUATIONS 



MATTHIAS GEISSERT, ALESSANDRA LUNARDI 

Abstract. We characterize the domain of the realizations of the linear parabolic op- 
erator Q defined by (II. 4p in spaces with respect to a suitable measure, that is 
invariant for the associated evolution semigroup. As a byproduct, we obtain optimal 
regularity results for evolution equations with time-depending Ornstein-Uhlenbeck 
operators. 



1. Introduction 

Finite dimensional Ornstein-Uhlenbeck operators are elliptic (possibly degenerate) dif- 
ferential operators of the type 

Cip{x) = ^Tr (5B*dV(2;)) + (^x,D^(x)), x G M", 

where A, B are given nonzero matrices. They are prototypes of Kolmogorov operators, 
and have been the object of several studies from the probabilistic and the deterministic 
point of view. The theory of linear elliptic and parabolic equations involving an Ornstein- 
Uhlenbeck operator, such as 

(1.1) \ip{x) - Cifix) = f{x), xGM", 

ut{t, x) + Cu{t, x) = g{t, x), t>0, x€W, 

(1.2) 

u{0,x) = ip{x), X G M."', 

is now well developed, both in spaces of continuous bounded functions, and in spaces. 
See e.g. |DPZ92l iL^EOTal ICGOll IDPZ021 IMPP021 IMPRS021 IFL06] . The most natural 
setting for Ornstein-Uhlenbeck operators (as, more generally, for Kolmogorov operators) 
are not the usual U' spaces with respect to the Lebesgue measure, but spaces with 
respect to an invariant measure (, that is a Borel probability measure in satisfying 

(1.3) [ T{t)ip dC = [ ^dC, t> 0, eCb{W), 

where T{t) is the Ornstein-Uhlenbeck semigroup. Indeed, invariant measures arise nat- 
urally in the study of the asymptotic behavior of T{t), and the realizations of £. in 
spaces with respect to invariant measures are dissipative, and therefore they enjoy nice 
analytic properties. 
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The aim of this paper is to extend a part of the theory to nonautonomous problems 
with time depending Ornstein-Uhlenbeck operators. Precisely, we consider the parabolic 
operator in H^^'^{M}~^"-) 

(1.4) gu{t,x) =dtu{t,x)+C{t)u{t,-){x), tGM, xGR", 
where C{t) are given (on H^^^{W^)) by 

(1.5) C{tMx) = ^Tr {B{t)B*{t)Bl^{x)) + {A{t)x + /(t), 0,(^(2;)), x £ M", 

with continuous and bounded data A,B C{W) and / : M ^ M". 

As in the autonomous case, the operator Q arises from linear stochastic Cauchy prob- 
lems in M", 

r dXt = iAit)Xt + fit))dt + B{t)dWit), t>s, 

(1.6) 

[ Xs=x, 

where W{t) is a standard n-dimensional Brownian motion and s € M, x € M". Indeed, 
it is well known that, denoting by X{s,t,x) the solution to (|1.6|) . for each t G R and 
ip € C|(M") the function u{s,x) := K{ip{X{s,t,x))) satisfies the backward Kolmogorov 
Cauchy problem 

{Us{s, x) + C{s)u{s, x) = 0, s <t, X £ M"-, 
u{t) = ip{x), X e M". 

See e.g. |GS72t[KS91j . However, our approach is purely deterministic and it relies on the 
study of the backward evolution operator P^.t for (jl.7p and of the associated evolution 
semigroup. 

Throughout the paper we assume that Q is uniformly parabolic, i.e. there exists ^0 > 
such that 

(1.8) \\B{t)x\\ > i^oWxW, tGM, xeM". 

Moreover, we assume that the evolution family U{t,s) generated by A{-) is stable, and 
we denote by uj(){U) its growth bound. In other words, 

oJoiU) := inf{ u eR: 3M = M{uj) such that 

(1.9) 

\\U{t,s)\\ < Me'^(*~'*), -00 < s < t < 00} < 0. 

While in the autonomous case these assumptions imply existence and uniqueness of a 
probability measure C satisfying (II. 3p . in our nonautonomous case there does not exist a 
unique ( such that 

/ Ps,t^dC= f (^dC, s < t, G a(IR"), 

but we can find families of measures {/it : t € M}, called entrance laws at time —00 in 
|Dyn89| and evolution systems of measures in [DPR05] . such that 

(1.10) I Ps,tV dfis= [ V dfit, ^ G C6(M"), s < t. 



NONAUTONOMOUS ORNSTEIN-UHLENBECK EQUATIONS 3 

Such families of measures are infinitely many, and they are characterized in Section 2. 
Among all of them, the simplest one consists of the Gaussian measures vt defined by 

(1-11) = J^g{t-oo),Q{t-oo), t € M, 

where 

t t 

g{t,s):= J U{t,r)f{r) dr, Q(t,s):= J U{t,r)B{r)B*{r)U*{t,r) dr, -oo < s < t, 

s s 

and we denote by N'm,Q the n-dimensional Gaussian measure with covariance operator 
Q and mean m. 

With the aid of the measures fj, we construct a Borel measure in M^+" as follows: 
for / G B{R) and K E B{W), we set u{I x K) = j] vt{K) dt, then v is extended in a 
standard way to a measure on B(M}-~^^), still denoted by v. 

We define Go : D{Gq) C ^^(Mi+n^ y) ^ l2(]R1+", v) by 

{Gqu) {t, x) = gu{t, x), X G M", t G M, n G D{Go), 

where D{Gq) is a core of nice functions; precisely, it is the linear span of real and imag- 
inary parts of the functions u of the type u{t,x) = $j(t)e*^^''^J*^*)^ with G G^{R) and 
hj G C^(M;M"). Then u is invariant for Go, in the sense that 



;i.l2) / Gou{t,x)du = 0, ueD{Go) 

JRxR" 



A fundamental property of the realizations of second order elliptic and parabolic operators 
in spaces with respect to invariant measures is their dissipativity. In fact, since 
Gq^u^) = 2uGqu + \B*Dxu\'^ and the integral of Gq{v?') vanishes, we get 

uGqu dv = -- I \B*D^u\'^ dv < 0, 

SO that {u, Gou)i2 < for each u G D{Gq). Being dissipative. Go is closable. Its closure G 
is dissipative and has dense domain because D{Gq) is dense. G is the natural realization 
of Q in L^(M^+",i/), as next theorem 11.11 states. 
For /c, s G N we define the Sobolev spaces 

H^^%M}+'',u) := [u G : d[u G L^{R^+'^,u) for ah < / < A;, 

D> G L2(r1+",i.) for all |a| < s]. 

Our first main result reads as follows. 
Theorem 1.1. We have 

D{G) = /7^'2(r1+", I/) = |u G Fj^^'f (M^+") n L^{M}+'', iy):gu£ L'^{R^+'', zv)} . 

Note that i' is not a probability measure, because of the Lebesgue measure with respect 
to time in the whole M. To avoid this drawback we may work in spaces of time periodic 
functions, assuming that also the coefficients A, B, f are periodic with the same period 
T. Then is a probability measure in (0,T) x M". 
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To be precise, let L|(M^+") denote the Hilbert space of all Lebesgue measurable 
functions u : M1+" ^ M such that u{t, x) = u{t + T, x) a.e. t e M, x e and 
^l{o,T)xR" £ -^^((0,r) X M",z/), endowed with the norm 

1 /"^ /■ 

- / / uit,xfdiytdt) . 
^ Jo Jr" / 

Similarly as above, and as in [DPL06| . we define Cf : D{Gf) C L|(M^+",zy) ^ 
L|t(K^^", i^) where D{G^) is the linear span of real and imaginary parts of the functions 
u of the type u{t,x) = $j(t)e*<^''*^ W> with T-periodic G C^M) and hj G Ci(M;M"). 
Again, Gq is dissipative, hence closable, and its closure G"^ generates a Co-semigroup 
{Vf)r>0 of contractions on L|(IR1+", z^). 
For /c, s G N we set 

i7j'"(Mi+",zy) := {n G : ^^n G L|(Mi+",zy) for ah < / < A;, 

D> G L|(M^+",i/) for all \a\ < s}. 
The description of the domain in the T-periodic case reads as follows. 



Theorem 1.2. We have 



D{G#) = h]i\m}+^,v) 



u G hI^^{M}+-^) n L|(Mi+", u):gu(^ i/)} . 



This characterization yields that D{G^) is compactly embedded in L^(]R^"^"', i^), 

through the compactness of the embedding H.]^ {M}'^'^ , v) C L'^{E}~^^,v) that we prove 
in Section 5. 

Theorems 1.1 and 1.2 may be seen as maximal regularity results for evolution equations 
with time in M, 

(1.13) ut{t,x)+ C{t)u{t,x) = h{t,x), tGM, xGM", 

with datum h G L^(R^+",z/) (respectively, h G L|^(]R^+",i/) in the periodic case), since 
they state that if u G L2(m1+", u)r\Hl^l{M}+'' , v) (resp., u G L|(M1+", i/)n/7/^'^^(R^+", z^)) 
satisfies (jl.lSp then ut and each second order space derivative DijU belong to L^(M^+", u) 
(respectively, to L^(Mi+", i/)). 

Concerning solvability of problem (jl.l3p . we remark that it is not a Cauchy problem 
and we do not expect existence and uniqueness of a solution u for any h; in fact, it is 
not hard to see that is in the spectrum of G and of G^. (The spectral properties of G 
and of G^, as well as asymptotic behavior of Ps,t^ will be studied in a forthcoming paper 
[GLOT] ^. 

Note that problem (jl.lSp cannot be seen as an evolution equation of the type u'{t) + 
L{t)u{t) = h{t) in a fixed Hilbert space H, because the Hilbert spaces L'^{W,i^t) involved 
here vary with time. So we cannot use the techniques of evolution equations in (fixed) 
Hilbert spaces. 

Our procedure is the following: we use the fact that G and G# are the infinitesimal 
generators of the evolution semigroup 

(1.14) (Vru){t,x) = {Pt,t+Mt + T,-)){x), t gM, xGM", r>0. 
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in the spaces L^(M^+",z/) and L'^{^^^'"' , u) , respectively. We prove optimal blow-up 
estimates for the space derivatives of Ps,t^ near t = s for any if E L^(M"',ft) and any 
multi-index a, 

(1.15) ||D^P.,t|l^(i.2(K„,,,),i2(Kn,,^)) <C(t-s)-H/2, 0<t-s<l, 

that yield optimal estimates for the norm of Vr in C{L'^ {R^'^"' , u) , H^'^ {]^^~^"- , u)) and 
in £(L|.(Mi+",i/),i?°'''(]Ri+",i/)) for k £ N, near r = 0. Then we use an interpolation 
theorem that gives optimal embeddings for the domain of the infinitesimal generator of a 
semigroup T(r) from optimal estimates on the behavior of T(r) near r = 0; in our case it 
gives D{L) C (L2(M-^+", i/), if°'^(M^+", i/))i/2,2- The latter space is readily characterized 
as H^''^{R^+'^,u). 

The crucial step are the smoothing estimates (jl.lSp that are quite similar to the 
corresponding estimates in the autonomous case. Together with (jl.lSp we obtain also 
optimal estimates for t — s — > oo, 

(1.16) m'^Ps,t\\cmR-,u,),L^iR-,u.)) < Ce'^l"'(*-^\ t-s>l, 

where uj is any number in (a;o(^)) 0) and C = C{a, uj). These estimates will be the start- 
ing point of the study of spectral properties and asymptotic behavior of the forthcoming 
paper [GL07j . 

The characterization of the domain of G in Theorem 1.1 allows us to study maximal 
regularity in backward Cauchy problems such as 

( Us{s,x) + C{s)u{s,x) = h{s), s e (Ti,r2), a; G R", 

(1.17) 

[ u{T2,x) = (fix), X G M". 

with fixed Ti < T2. Note that we do not assume the coefficients A, B and / to be 
(T2 — Ti)-periodic. 

Theorem 1.3. Let Ti < T2. For each h G L'^{{Ti,T2) x M",i/) and (p G H^{W,iyT2) 
there exists a unique solution u G H^^^{{Ti,T2) x M",i/) of (fTTTt) . Moreover, u satisfies 

(1.18) |k||Hi.2((Ti,T2)xM",i/) < C (^||/i||L2((j'^^r2)xR",i^) + IIV5||_f/i{M",i^T2)) ' 

where C > is independent of h and ip. 

The assumption uq G {W^ , vt^) is necessary for u G //-'^'^((Ti, T2) x M",i/) because 
i?i(M", z^Ta) is the space of the traces t((T2, •) of the functions u G H^''^{{Ti,T2) x R", i^). 

This paper is organized as follows. In section 2 we characterize all the families of 
probability measures {fit : t G R} such that 

/ Ps,tVdfis= 'pdfit, G Cfc(R"), s < t, 

and we show that the measures vt defined in (II. lip are the unique ones satisfying 

sup / |3;|"/it(dx) < +00 

tGK J 

for some a > 0. The proofs of the domain characterizations are given in Sections 15. II and 
15.21 respectively. Estimates (I1.15P and (I1.16P are proved in Section 3. The characteri- 
zation of real interpolation spaces between L2(r1+",i/) and H^'''{R^+"',u) and between 
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is given in Section HI Finally, the proof of Theorem 11.31 

is given in Section 6. 

2. Preliminaries and notation, invariant measures 



We recall some general facts about time-dependent Ornstein-Uhlenbeck operators and 
their invariant measures, already partly discussed in [DPLOGj . 

u G C^'^({(s, x) e M^+" : s<t}) of the problem 



First of all, for all (p E C?(]R") and t E M there exists a unique bounded solution 



(2.1) 



dsu{s,x) + C{s)u{s,x) = 0, x E M", s<t, 

u{t,x)= (p{x), xEM". 



The solution u{s,x) := Pg^t'^ix) of (|2.ip is given by the formula 

(2.2) Ps,Mx) = J (fiy + git,s))Afu{t,s)x,Q{t,s)i'^y)^ -oo<s<t<oo. 

This has been shown in |DPL06j under periodicity assumptions on the coefficients, 
but the proof goes through as well in the general case. It is easy to see that under our 
non-degeneration assumption (jl.Sp . for each ip E Cf,(R"') the function u{s,x) = Ps^t^{x) 
is still the unique bounded classical solution to p.ip . The associated evolution semigroup 
in Cfe(Mi+") is defined by 

Vru{t,x) = Pt,t+Tu{t + T,-){x), r > 0, xEM", iEM. 
Definition 2.1. A measure v in M-'^+"' is said to be invariant for Vr if 

(2.3) j Vrudv= j udv, r > 0, u E C7b(Mi+") n L1(M1+", v). 

An evolution system of measures for Pg^t is a family of probability measures {i^t)teR in 
M" such that 

(2.4) J PgMx)i^sidx) = J ^ix)i^t{dx), p E Cfe(M"). 

If Pg^t has an evolution system of measures {i^t)teR, then one can define an invariant 
measure for Vr, as follows. For Borel sets I C M, K C M" we define z/(/ x K) = 
fjUt{K) dt, then u is extended in a standard way to all B(M}^'^^). It is easy to see that 

is invariant for Vr- 

It is well known (Khas'minskii Theorem) that if a Markov semigroup is strong Feller 
and irreducible, then it has at most one invariant measure. Our semigroup Vr is not 
irreducible and it is not strong Feller because of the translation part, and it has in fact 
infinitely many invariant measures, as the next proposition shows. For its proof, we recall 
that the Fourier transform of a Gaussian measure Mm,Q is given by 

(2.5) Mm,Q{h) = e^^™'''^-^ h E M". 

Proposition 2.2. Fixed any € M and any Borel probability measure fi in M", define 
a family of Borel probability measures fit by their Fourier transforms, 

(2.6) Mh) ■.= KU*{t,to)h), tEM. 
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Then the measures vt defined by 

(2-7) '^t=J^g{t-oo),Q(t~oo)*fJ't, teR, 

are an evolution system of measures for Ps^t- Moreover, all the evolution systems of 
measures for Pg t are of this type. 

Proof. We remark that a family of Borel probability measures {i't)teR is an evolution 
system of measures iff their Fourier transforms satisfy 

(2.8) e'^3it,s),h)^-^{Qit,s)h,h)^^^ij*^i^ 5)/,) = s < t, /i G R". 

Indeed, the left hand side of (|2.8p is equal to Ps^tV'{x)^si^x) and the right hand side is 
(f{x)ut{dx) if we take (p{x) := e*^^''*^ So, if {i't)teR is an evolution system of measures 
the left and the right hand side have to coincide. Conversely, if if is any continuous 
bounded function, there exists a sequence {<Pk)km^ where (pk € spanje*^^''^^ : /i € M"} 
such that llt/^fclloo < llv'lloo, and lim^^oo Vfcl^) = vix)^ V x € M". By (j2.8p . the equality 
f^n Ps,t'Pk{x)i's{dx) = ipk{x)i't{dx) holds for each k, and letting A; — > oo we get ()2.4p . 
If ft is defined by (j2.7p . then for each h G R*^ and s < i we have 

^ gj(9(*,«),/j>-| (Q{t,s)/i,/i>gj(9(s -oo),C/*{t,s)h)-| {Q{s-oo)U* {t,s)h,U'' {t,s)h)-j2^-^* (^g ^ ^^^^*^^^ ^^^^ 

SO that (US]) holds. 

Conversely, if (j2.8p holds, then the left hand side is independent of s, hence for each 
t S R and h G R" there exists the limit 

(2.9) lim Vs{U*{t,s)h) =^)tih)e-'^s'■*'-^^''''^+'2m'-^)h,h)^ 

Being the pointwise limit of Fourier transforms of probability measures, by the Bochner 
Theorem the left hand side of (j2.9p is the Fourier transform of a probability measure , 
and for each t, to & W, h MJ^ we have 

Jlto{U*{t,to)h) = lim Vs{U*{to,s)U*{t,to)h) = '[lt{h) 

because U*{to,s)U*{t,tQ)h = U*{t,s)h. Therefore, Jit satisfies (12. 6j) with /i = fit^. Now 
([2:9]) implies 

hence ft = J^g(t-oo),Qit,~oo) * f^t- □ 

The family of measures {J^g(t,-oo),Q(t,-oo))teR corresponds to to = and hq = 5o. For a 
similar result in a much more general setting (but with / = 0) see |Dyn89| , Thm. 5.1]. In 
the case of T-periodic coefficients, it is the unique T-periodic evolution system of measures 
for Pg^t, see [DPL06] . In the general case, we have the following characterization. 
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Lemma 2.3. Let (ft)jeR be an evolution system of measures for Pg^t such that 



3a > : sup / \x\°'ut{dx) < +oo. 
teK J 



Then ut = ^J'g(t,-cx>),Q(t-°o)' for each t G M. 

Proof. Since, by assumption, J^„ 'i^{x)i't{dx) = Ps,tH^{x)Vs{dx) for each s < t, it is 
enough to show that 

hm / P,^tV{x)u,{dx) = / V'(2;)A/;(t,--oo),Q(t,-oo)(f^a;), t G M, G CHW'). 



We have 

/ Ps,Mx)us{dx) = / (/?(y)A/'g(t._oo),Q(t-oo)(dy) 

+ / {Ps,Mx)- ^{yWg{t-oo),Q{t-oo){dy))i's{dx). 

To prove that the last integral goes to zero as s — > — oo we estimate the integrand 

Ps,Mx)- / (p{y)J^g(t-oo),Q{t-oo){(iy) 

(2.10) 

= / {Ps,M^)-Ps,My)Wg{s-oo),Q{s-oo){dy). 

Without loss of generality we may assume that a < 1. Fix uj G {ujq{U),0). Recalling 
that 



C°(]R") 



< 



l-ai 



\D 



and that 

\D,PsM^)\ = \U*{t,s){Ps,t{Dip)){x)\ < Me-(*-^)|| \D^\ |U s<t,xe M", 

we get 

\PsM^) - PsMy)\ < (2||^||oo)'~°(Me'^(*-^)|| \D^\ \Ux - y\r := Cie^'^^*"^) |x - y^, 
with Ci independent of t, s, x, y. Therefore, 

{Ps,t^{x) - Ps,My)Wg{s-oo),Q(s-oo){dy) 



a/2 



< Cie°-(*-^) / \x - yrAA,(,,_^),Q(,,_^)(dy). 
By the Holder inequality we have 

/ \x-y\"Mg(s-oo),Q{s-oo){dy)<i \x - y\^Mg(^s,^^),Q{s,~oo){dy) 

Jr" \Jr" 

= {\x - gis, -oo)|2 + Tr -oo))"/^ < Csd^l" + 1), 
with C2 independent of s, x. Replacing in (j2.10p . we get 



Ps,t'P{x) 



^iyWg{t-oo),Q{t-oo) (dy) 



< CiC2e"'^(*-^)(|xr + 1) 
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and since a; < the statement follows. □ 
From now on, we shall consider only the evolution system of measures 

l^t '■= ■!^g(t-oo),Q{t-oo) 

and the corresponding invariant measure u for Vr- Note that they satisfy 

sup / |x|"i't(da;) < +00, Va > 0. 
teiR J 

In contrast to the autonomous case, we cannot expect 

j C{s)ipvs{dx) = 0, Vy? G i?2(M",z/s),s G M. 

However, we have the following Lemma. For its proof, we recall that in the nondegenerate 
case det Q ^ the density pm q of Afm Q with respect to the Lebesgue measure is given 

by 

Pm,Q{y) = (27r)-t(detQ)-^e-i<«"'(^-™)'2'-'">, y e M". 
Lemma 2.4. Let G H'^{W,i's) for some s G R. Then, 

J C{s)(pi'si(^x) = J ifdsp{s,x) dx, 

where p{s,x) = Pg(s-oc),Q{s,-oo)- 

Proof. Since spanje*^^''^ : k G M"} is dense in H'^{W\ Ug), it suffices to show that 

J C{s)e'^'''^^i^sidx) = J e*<'='^>5,p(s,x) dx, k G M". 

We have 

J £(s)e*<'='^V,(dx) = J (^-^\B*kf + i{A{s)x,k)+i{f{s),k)^ e^^'^'^V^ldx) 

R" R" 

= - ^l^*^P-^<;(3-oo),Q(s-oo)(^) + {Ms)^-^g{s-oo),Q{s-oc){k),k) 
+ i{f{s),k)Mg^s,-oo),Q{s,-oo){k) 

= [ - ^\B*k\'' + {A{s) {ig{s, -oo) - Q{s, -oo)A;) , k) 

—od),Q{s, —oo) 

(k) 

= dsMg^s,-oo),Q(s,-oo}{k) = J e'<*='^>a,p(s,x) da;. 

R" 

□ 

We recall that D{Gq) is the linear span of real and imaginary parts of the functions u 
of the type u{t,x) = $j(t)e^<=^''^^W> with $j G Cl{M) and hj G q^(M;M"). 

Lemma 2.5. D{Gq) is dense in L*'(M^+", z/), for every p G [l,+oo). 
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Proof. Since u is a c-finite measure on M then the space of the continuous functions 
with compact support is dense in L^{v). Each continuous function with compact support 
$ may be approximated in the sup norm (and hence in L^{v)) by a sequence of functions 
that are Unear combinations of products g{t)(p{x), where both g and ip have compact 
support. In its turn, each continuous if with compact support is the pointwise hmit of a 
sequence of exponential functions (fk such that ||97fc||oo ^ 1 1 '/^ I loo for each k. The functions 
(t,x) 1-^ g{t)ipk{x) belong to D{Gq) and approximate g{t)(p{x) in L^{v). Note that if 
if G LP^ n L^2(]R"'^+", z^), then the approximation is simultaneous, i.e. the same sequence 
approximates tp both in L^i (M1+", u) and in L^^ (M1+", u). □ 

Since Go is dissipative in L^(M"'^"'"", v) (see the introduction) then it is closable. Let us 
denote the closure of Go by G. Then G is a dissipative, densely defined, closed operator. 
Moreover, it is the generator of the semigroup Vr as the next proposition shows. 

Proposition 2.6. Vt is a strongly continuous contraction semigroup in L'^ {M}^^ , i') , 
that leaves D{Go) invariant. Its infinitesimal generator is the closure G of Gq. Moreover 
V is an invariant measure for Vr • 

Proof. The proof is similar to the one in the T-periodic case that can be found in [DPL06] ; 
we write it here for the reader's convenience. 

Let u G -D(Go), u{t,x) = $(t)e*<^''*(*)> and fix r > 0. Then we have 

VMt,x)= [ cI>(t + r)e*<^(*+-'*)-+^(*+-'*)+^''^(*+-))A/-o,Q(i+..i)(dy) 

(2-11) ^ _^ ^^^i{g{t+T,t),h{t+r)) gi{U{t+T,t)x,h{t+T)) f.-^ {Q{t+T,t)h{t+T)Mt+r)) 

:= ^^(t)e»<^''^*(*+^'*)''(*+^)). 

Therefore, Vt preserves D(Go), the semigroup law follows easily, as well as the strong 
continuity on D{Go). 

Let us identify the generator of Vr as G. The domain D{Gq) is contained in the 
domain of the infinitesimal generator L oi Vr, because for u = (p{t)e^^^'^^^^'^ we have by 

(EUl) 

■^VrU\r=0 

= (,/.'(*) + #(t)(x,/i'(t)))e^<"''^W> - (^i \B*it)h{t)\^ + i{A{t)x + f{t),hit))^u{t,x) 
= {Gou){t,x). 

Since D{Gq) is invariant under Vr and dense in L^(M^+", z^), then it is a core for L, which 
means that it is dense in D{L) for the graph norm. Therefore, L is the closure of Go- 
Since L = G is dissipative, Vr is a contraction semigroup in L^(R^+", z^). 

The fact that v is invariant for Vr follows easily from (12. 4p . □ 
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3. Smoothing properties of the evolution operator and of the evolution 

semigroups 

In this section we prove estimates for the spatial derivatives of Ps,t^ with if G 1^(1^", ut) 

and for the spatial derivatives of VtU, with u G U'{R^~^^^u) or m G L^(R-^"''", z^). 
In order to do so, we first obtain estimates for the spatial derivatives of the density 
Pu{t,s)x-g{t,s),Q{t,s) of ■N'u{t,s)x-g{t,s),Q(t,s)- For notational reasons we suppress that p de- 
pends on t, s and x and we shortly write p{y) for pu{t,s)x-g(t,s),Q(t,s)iy)- 

Lemma 3.1. Let a G Ng with \a\ = k and let p,q G (l,oo) satisfy l/p+ 1/q = 1, or 
(P) = (1) +oo)- Then there exists C > such that 

(3.1) \\p---B'^p\\L.iRn^Ax)<C\\Q-Ht,s)f\\Uit,s)f, xgR", t>s. 

Proof. Since D^p = p ■ U*{t, s)Q~^{t, s){y — U{t, s)x + g{t, s)), differentiating further we 
obtain that \T)^p\ < p ■ Pa{\\Ai{t, s,x,y)\\,\\A2{t, s,x,y)\\), where 

Aiit,s,x,y) = U{t,s)*Q-^{t,s){y-Uit,s)x + g{t,s)), s,teR, x,yeW, 
A2{t,s,x,y) = -U*{t,s)Q-'^{t,s)U{t,s), s,teR, x,yGM". 

and Paitv) = Y^i+2j=k f^ij^""^ for some Pij G M. 

The statement follows now immediately il p = 1, q = oo. Ifp>l then 

J \p-Hy)B^p{y)\''dy<C ^ J p{y)\\Ai{t, s,x,y)r\\A2it, s,x,yW^ dy. 

By the substitution y = Q{t, s)^ri + U{t, s)x + g{t, s), we obtain 

p{y)\\A,it,s,x,y)r\\A2(,t,s,x,y)\r dy 



(27r)-t / exp(-|r/|V2)||g"^(t,s)t/(i,s)ir«|77r«||[/*(t,s)Q-i(i,s)t/(i,s)|rdr? 



<C\\Q-Ht,s)Uit,s)\nu*it,s)Q-\t,s)Uit,s)r<C\\Q-Ht,sW 
=C\\Q-Ht,s)nU{t,s)fi. 

Summing up, the proof is complete. □ 

The next lemma provides estimates for Q~2(t^ s). 
Lemma 3.2. There exist C,S > such that 



\\Q-Ht,s)\\< 



C{t-s)-2, 0<t-s<S, 
C, t-s>S. 
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Proof. Let x € M". Then, by (fLHI) . 

t t 



>f^o J \\U*it,r)xf dr. 

s 

Since \\U*{t,r)x — x\\ < ^\\x\\ for t — r < 6 with some 6 > 0, independent of t, r, and x, 
we obtain 

{Q{t,s)x,x) > ^{t-s)\\x\\^, 0<t-s <6. 
Similarly, for t — s > 6, we have 



{Q{t,s)x,x)= I \\B*{r)U*{t,r)x\\^ dr > / \\B*{r)U*{t,r)x\\' dr > ^6\\x\ 



t-5 

□ 



By (fL9l) we obtain, for to € {uJo{U),0), 



(3.2) 



(Q(t,s)x,x) = / \\B*{r)U*{t,r)xf dr <CM e^'^^*"^') dr 



< CM \xf, t>s. 

2\lo\ 



Hence, ||(5~2 (t, s)|| does not decay for t — s — > oo. In other words, the estimate of 
Lemma 13.21 is optimal for t — s ^ oo. 

Now we are in the position to prove estimates for the spatial derivatives of Ps,tV, for 
each v? E LP(R'',l/t)• 
Lemma 3.3. Let a € Nq and p € [1, oo). For cu > iL>o{U) there exist C,6 > such that, 



C(t - s)l°l/2e'^l"l(*-''), 0<t-s<5, 



Proof. Since Cb{M.'^) is dense in LP(M",f() for any t £ R, it is enough to estimate 
l|D°-Ps,t for (/? G C{,(]R"). Holder's inequality and Lemma [3TT] vield 

p 



IB-^PsM^W 



/ ^iy + g{t,s))p{y) dy 



< / \^{y + g{t,sWp{y)dy\\p--^B'^p\\l,^^„^^^^ 



<C{P,Mn{x)\\Q-Ht,s)f\\U{t,s)f, 
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where 1/p + 1/q = 1. Hence, it follows from ()2.4p that 



= C\\Q-Ht,s)f\\U{t,s)\\'^ J \^\P{x)Mdx) 

= C7||Q-^(t,.)f||C/(t,.)f||(^||i,(j,„^,^). 

Here, we have used that € Cf,(M"). Now, Lemma [32] and ()1.9p yield the assertion. □ 

Thanks to the representation (jl.l4p . the smoothing properties of the evolution operator 
Ps^t, given in Lemma 13.3^ yield smoothing properties of the semigroups {Vt)t>o and 

(P#)r>0. 

Lemma 3.4. Let a € Ng and p € [1, oo). For lo > ujo{U) there exist C,6 > 0, such that 



I D"Pr 1 1 £(LP < 



(j^-^^w\a\T ^ 0<t-S<6, 



Ce"^!"!^ , t-s>6. 
Proof. By Lemma |3.3| there exist C,5 > 0, such that 

l|Dx^r^x||^,(Ri+„_^) = J I \B^VMt,x)\Piyt{dx) dt = 1 1 \B^Pt,t+Mt + T,x)\Piyt{dx) dt 

R R" MR" 

<CK{t)p J j \u{t + T,x)\Put+r{dx) dt, ue 



where 



Kir) :-- 



— ga;|a|T ^ < t - S < (5, 

e'^l"k , t-s>5. 



Now, the lemma follows from the substitution s = t + T. Indeed, for each v G TPnn>i+n 
we have 



j j \v{t + T,x)\Pvt+T{dx) = y j \v{s,x)\Pvs{dx) ds = \\v\ 



p 

LP(Ri+",i/)- 



□ 



The proof of Lemma 13.41 can be easily carried over to the T-periodic case and it is 
therefore omitted. 

Lemma 3.5. Let q € Nq and p E [1, oo). For each co > ijJo{U) there exist C,6 > 0, such 
that 



Q^-^^uj\a\T ^ 0<t-S<6, 



14 MATTHIAS GEISSERT, ALESSANDRA LUNARDI 

4. The spaces H''^%R^+'' , i^) and i7j'(Mi+", 



# 

k.s/ 



In this section we show some properties of the spaces H'^'^{M}~^'^, v) and H^'^{U^^^ , v) 
defined in the introduction. 

We recall that for any Gaussian measure Mm,Q and for any A; G No, the space H^(W^, 
■^m,Q) is defined as 

Then, H'' {MP , M^m^q) equipped with its natural norm is a Hilbert space. 
We first show that D{Go) is dense in u). 

Lemma 4.1. D{Go) is dense in H^'^ {R^+'' , v) . 



Proof. Let v G C^(M^+"). We choose i?o > and S > such that supp v C ^s,Ro, 
where ns,Ro ■= {-S, S) x {-Rq, Rq)''. For R> Ro&ndke we set 



I 



|fc|=0 



where aR^k{t) ■= jm^ J(^-R,R)n v{t,x)e dx. 

We will show that for each e > there exists R> Rq and I G N such that 

Since f is smooth and compactly supported, there exists K > such that for each 
R> Ro and A; G we have 

2 

\\dtVR,l\\'ioo(j^l+n^ + ^ ll^>i?,dlL=°(Ml+") < ^• 

|a|=0 

Let us fix i? > Rq such that Kv{{—S, 5) x M" \ 0.s,r) < e/2. As i — >■ oo, the sequences 
{dtVR,i), (D^VR^i) converge uniformly on ns,R to v, dtv, D^v, respectively There- 
fore, there exists I G N such that 

2 

E - D>lli-(n^,«) + \\dtVR,i - 5ti;||i^(a^_^) < 

|a|=0 ^ '^'^^ 

For such I we have 

II ii2 II ii2 iiii2 S S 

F - ^'R,dlHi.2(iRi+",!.) =IP - ^i?,nl//i,2(ns,fl,i.) + \\^R,i\\m.^n<i,^^,i') -2^2^^' 
Since C~(M^+'^) is dense in H'^'^{R^+"-, u), the proof is complete. □ 

The corresponding result for T-periodic spaces reads as follows. 
Lemma 4.2. D{Gf) is dense in L|(R1+",z/) and in i?^'^(Mi+", i/). 
Proof. Let 

V G C^^ := {u G C°°(R^+'*) : u{t, x) = u{T + i, x) for alH G M, x G M", and 

supp u{t, ■) C (-i?o, RoT for alH G M and some Rq > O}. 
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We define 



2 



K := ||ajt;||ioo(Ki+n) + II^>IIl' 

|a|=0 

and, for R > Rq, we set 

I 

\k\=-l 

where UR h (t) ■=(2wj%At^^y~''''"^ drr. Clearly, ttR^k is T-periodic. As in the proof 
of Lemma |4.H it follows that for e S (0, K) there exists R > Rq and / G N such that 

h -VR,l\\H^fiRi+",,y) ^ ^■ 

Since C~^((0, T) x M") is dense in i?^^((0, T) x M", i/), the proof is complete. □ 

Let to € M. In the following we denote the product measure of the one dimensional 
Lebesgue measure and i^to by dt x . 

Lemma 4.3. (a) There exists an isomorphism 

T : l2(IR1+", u) ^ dt x A/'o,i), 

sitc/i that, for k = 0, s £ Nq and for k = 1, s = 2, T\jjk,s(^-^n^^-^ is an isomorphism 
from H^''{R^+"',u) onto i?'='^(Mi+", dt x Mq^i). 
(b) Let to G K. Then, there exists an isomorphism 

Tt, : L\r'+^,u) ^ L2(Mi+",dt x ut,), 

such that, for k = 0, s £ Nq and for k = 1, s = 2, l-f/''-.''{R",i^) ^-^ ^''^ isomorphism 
from H''''{R^+'',u) onto if'='*(Mi+", dt x fij. 

Proof. For t G M and x G M" define 

(Tu) (t, x) := u (^t, Q^{t, —oo)x + g{t, — oo)^ . 

By substitution, we obtain 

I!^IIl2(R1+",i^) = ll'^'"llL2(Ki+n^dtxAro,i)> U e L'^{R}^'^,v). 
Moreover, for / G N and for arbitrary integers Qi, . . . a/ G {1, . . . , n} we have 

7?:;^ lu~^^^= 1^ 7) T^(Q5(t,-oo)x + (7(t,-oo))_[J_(Q2(t,-oo)ft„, 

OXa^...OXa^ ftg{l,...,n} ■ • • ^/^^ .^^ 

so that, for u G v), 

II iD^iTuI IlLaCRi+^.titxA/b,!) <IIQ^(*' -Oo)ll''ll |D^;u| ||L2(Ri+",i.)- 

and similarly, for u G F°'''(Mi+", dt x A/'o,i), 

II |D^^""^^I IIl2(ri+",i/) <||Q~2(t, -oo)|1'''|| |Df;u| \\L'i{M}+^^dtxNo,i)- 

Since the norms IIQ2 (t, — oo)|| and ||(5^2 (t, — cxd)|| are bounded by a constant independent 
of t, then r is an isomorphism from H^'\R}+'^, v) to i?°'''(Mi+", dt x AAo,i) for k G Nq. 
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For ip G v) we have 

dt{Tip){t,x) =dt(p{t, Q^{t, -oo)x - g{t, -oo)) = {dt(p){t, Q^{t, -oo)x - g{t, -oo)) 
+ ((Va;93)(t,Q^(t, -oo)x - g{t, -oo)), dtQ^{t, -oo)x - dtg{t, -oo)). 



Clearly, dtg{t, —oo) = f{t) + J_^A{t)U{t,r)f{r) dr is uniformly bounded for t E M. 
Moreover, the representation 

Qi(t,-oo) = ^ [ xhR{X,Q{t,-oo)) dX 
2m J 
r 

for a suitable path F yields 

\\dtQ^{t,-oo)\\<C, tGM, 

thanks to the uniform boundedness of dtR{X, Q{t, — oo)) for A G F and t G M. The latter 
follows from the boundedness of ||^(t)||, ||i?(t)||, and ||Q(t, — oo)||, see ()3.2p . Moreover, 
an easy computation (see e.g. |Lun97b l Lemma 2.1], or |MPRS02l Lemma 2.3]) shows 
that there exists C > such that for any M G £(M") and t G M, V G H'^iW, vt) 

Therefore, it follows that 

II^V5||Hl>2(Rl+",dtxAro,i) < C'll¥'lbl>2(]jl+n^^), if G i?^'^(M^+", V). 

Similarly, we obtain 

||T"Vll//i.2(Ki+",i/) < C'll</'ll//i>2(]ji+n_dixAro,i), ^ G F^'^(]R^+"',dt X 7Vo,i). 

This proves (a). 
Setting 

{Tt^,u) {t,x) := u {t,Q^{t, -oo)Q~^to, -oo) (x - g{to, -oo)) +5-(t,-oo)^ , 
assertion (b) follows as above. □ 

There is a corresponding result for T-periodic spaces as well. Since the proof of the 
following lemma is similar to the proof of Lemma 14.31 it is omitted. 

Lemma 4.4. (a) There exists an isomorphism 

T# : L|(Mi+",zy) ^ L^(Mi+",dt x A/'o,i), 

such that, for k = and s G Nq and k = 1 and s = 2, 7^|^fc,sj.jgi+„ is an 

isomorphism from H^'' {R^+'^ , u) onto i?^'''(M^+", dt x 7Vo,i). 
(b) Let to G M. Then, there exists an isomorphism 

T#,t„ : L|(Mi+",z.) ^ 4(Mi+",dt x i^to), 

such that, for k = and s G Nq and k = 1 and s = 2, T^^fp is an 

isomorphism from {M}^"" , u) onto , dt x ftg). 

Next, we give a characterization of some real interpolation spaces between L2(Ri+",zy) 
and H°''(R^+'\i^). 
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Proposition 4.5. Let r,s £ N with < r < s. Then, 

s ' 

Proof. Let T be as in Lemma 14.31 Then, 

(L2(]Ri+'^,i/),i/0'^(Mi+",i/))^2 

= (r-iL2(Mi+",dt X AAo,i),T-ii/°'^(Mi+",dt X A/'o,i)). 2 
= (l2(r1+", dt X A/'o,i), i/0'^(]Ri+'^, dt X AAo,i)) , ^ • 

On the other hand, by |Tri78l Theorem 1.18.4], 

(l2(m1+", dt X AAo,i), ii'°'^(Mi+", dt X AAo,i)) . 2 

s ' 

= (M, l2 A/-o,i ) ) , l2 (M, ^« (K- ^ _^o,i ) )) ^ 2 
= l2 (m, (l2(M",A/-o,i), ^^(M",Aro,i))r,2) . 

The real interpolation spaces between and spaces with respect to the Gaussian 
measure A/q,! are known, see e.g. |FL06l Proposition 4]. More precisely, we have 

for each k,l G'N with < I < k, and, therefore, we get 

(L2(IRi+",i/),ifO.«(Mi+",i.)), 2 =T-1l2 (M,i/"(M",A/'o,i)) =r-i//°'^(Ri+",dt X A/'o,i) 

□ 

Again, there is a corresponding result for T-periodic spaces. Since the proof of Propo- 
sition |4]5] carries over to the T-periodic case with only minor modifications, the proof of 
the next lemma is omitted. 

Proposition 4.6. Let r, s E N with < r < s. Then, 

s 

5. The domains of G and of G# 

The proofs of Theorem II . II and Theorem 11.21 are based on the following abstract inter- 
polation result (see |Lun99t Theorem 2.5]). 

Proposition 5.1. Let T{t) he a semigroup on some Banach space X with generator 
L : D{L) X. Assume that there exists a Banach space E C X and m € N, < /3 < 1, 
LO £R, C > such that 

mt)\\cix,E)<Ce'^'t-^>', t>0, 

and for every x £ X , t ^ T{t)x is measurable with values in E. Then E £ Jp{X, D{L"^)), 
so that {X,D{L'^))e,p C {X,E)e/f3,p, for every 9 e (0,/3), p € [l,oo]. 
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Indeed, we apply this proposition taking X = L^(M^^",z/), T{t) = Vt and E = 
H^'^iR^+'^^u), or X = L2,(m1+",i/), T{t) = Vt and E = i?J''(Mi+", i/) in the periodic 
case. With these choices we have optimal blow-up estimates for the norms 
as i — > 0, given by Lemmas 13.41 and 13.51 Since the real interpolation spaces between X 
and E have been characterized in Propositions 14.5 1 and I4.6[ the main step of the proof of 
Theorem 11.11 and Theorem 11.21 follows . 

5.1. Proof of Theorem II. XL We first prove the continuous embedding 

(5.1) L>(G) C //i'2(IRi+",i/). 

We use Proposition O with X = L2(r1+", u) and E = F0,4(]^i+n^ ^^)_ Ytoui Lemma [33] 
it follows that there are C, to, such that 

ll^r||£(x,s) <Ce'^"r-2, r>0. 
Choosing m = A, 9 = ^ and /3 = ^, Proposition 15.11 yields 

{L\R^+'',u),D{G - If) 1 2 C (l2(r1+«, I/), v)) 

Since L^(R^+",i/) is a Hilbert space and G — I is dissipative and invertible, |Kat621 
Theorem 5] and [TViTSl Theorem 1.15.3] yield {L'^{R}+'',v),D{G-lf)i^^ = D{G-I) = 

D{G). Therefore, Proposition 14.51 implies 

(5.2) D(G) C F0'2(m1+",i/). 
Now, let u G D{Go) and set 

d 

Tp(t, x) := (Gu) {t, x) = Q^uit, x) + C{t)u{t, x), t G M, X G M". 
It follows from ()4.ip . that there exists Ci > 0, independent of n, such that 
\\^{t)u{t)\\L^{W-^y^) < Ci||n(t,-)|b2(iR„^^^), tGM. 

Moreover by ([521), \\C{■)u\\L2^^l+r^^^■^ < C2(||u||i2(Ki+n^^) + ||Gu||i2(Ki+n_^)), where C2 > 
is independent of u. Writing = ip — C{-)u, we obtain 

ll'"t||L2(IR",;/) < ll^llL2(Rl+",iy) + \m-)u\\L2{Ri-+",u) 

< l|G'u||i2(Kl+n^j,) +C1C2 (||'u||j;^2(IRn^^) + 1 1 Git | [ j;^2 (JRl + n ^ j,) ) = 2G \\Gu\\ L2 (J^l + n 

Putting together this estimate and ()5.2p we get 

ll^ll/fl>2(]Rl + n^^) < G3 (||n||2,2(IRn^^) + 1 1 1 1 ^2 (JRl + n ^ j,) ) 

with G3 independent of u. Since D{Gq) is a core of D{G), the proof of (|5.ip is complete. 
Moreover, since, by Lemma 14. 1|, D(Go) is dense in H^''^(R^'^^,i'), we have D{G) = 

i?l'2(Ml+",j/). 

Now let us prove the second equality. The inclusion " C " is obvious. Let 

n G {n G i^i^^f (R1+") n L\m^+'\ u) : Qu e l2(m1+", i.)} , 

fix A > and set ^ := \u — Qu. Then v := u — R{\, G)ip satisfies Xv — Qv = 0. We will 
prove that v = 0, and hence u G D(G), provided A is large enough. 
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In order to do so, let ip G Cc°°(M^+") be such that Lp{-, •) = 1 on [-1, 1] x 5(0, 1) and 
(^(•,-) = outside [—2,2] x B{Q,2). Then ipk{t,x) := ip{t/k,x/k) satisfies ipk(t,x) 1 
for A; ^ cx) and \Bxipkit,x)\ < \\ \Dx(p\ ||oo for t G M and x G M". 

A direct calculation yields 

(5.3) Gigh) = gGh + hQg + {B*B.,g, B*D.,h), g,he Hlf^{R^+^). 
Hence, we obtain 

= j {Xv - Qv)lpIv dv = A||(/?fct;||^2(Ri+n^^) - j ^PkQv ipkV dz^ 
= ^IIV5fc^llL2(Ri+",i.) - J Gi^kv)iPkV di^ + j {gipk)vipkV di' 
+ I iB*D^^k,B*B.v)^kvd.. 

Since f^i+u Gg du = for each g G D{Go), it follows from (j5.3p that 

(5.4) j gGhdv+ j hGgdv+ j {B*D,j,g, B*T)^h) dv = j G{gh)dv = f) 

Rl+" Rl+" Rl+" Rl+" 

for g,h £ D{Go). Note that (j5.4p also holds for g,h £ D{G), since D{Go) is a core of 
D{G). In particular, since G D{G), we obtain 

G{(pkv)(pkV du = -1- / (5*D^.(99fcv), S*D^.((^fct;)) dz/ 



Hence, 



= -\ j {B*D,,v,B*B,v)ipldu- J {B*D,ipk,B*B,v)vipkdu 

R1+" R1+" 

y (5*D,(^fe,S*D,^fe)t;2dz. 

R1+" 

1 1 

3 

+ -\\v\B*D^ipk\ |li2(Ri+„^^). 



> A||(/Jfcu||i2(Ri+n^j,) + -||v3fe|S*D^.T;l ili2(Ki+n_^) " -\\v\B*B^(fk\ \\lHr^+",u) 

- C'li^liL2(Kl + n^^) - -\\(pk\B*BxV\ ||i2(IRl + n^j,) " 2\\v\B* Ba^lf k\ ||i2(Kl + n_j,) 



> 



Letting A; — > oo, we obtain > (A — Ci) ||t>||^2(]Ri+n ^.y which implies v = provided A is 
large enough. □ 
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5.2. Proof of Theorem 11.21 The proof of Theorem 11.21 is the same of Theorem II. H 
with the space E = i/J\Ri+", zy) instead of H°'^{R^+'^, v) and using Lemma [3. 51 instead 
of Lemma 13.41 in the first part, and functions (pk depending only on x in the second part: 
^p^[x) = ip{x/k), with ip € C~(M") such that ip = 1 on B{0, 1) and p = outside B{0, 2). 
We omit it. 

The characterization of D{G^) given by Theorem 11.21 imphes also that D{G^) is 
compactly embedded in L^(R^^",i/), through the next Proposition. 

Proposition 5.2. z/) is compactly embedded m L^(M-^+", z^). 

Proof. Let T# be as in LemmaiS Writing i?^'^(Mi+", u) = dt x TVci), it 

suffices to show that ii'^^(M^+", dt x A/o,i) is compactly embedded in L|^(M^+", dt x A/q,!). 

Let u G B, where B denotes the unit ball in H^'^ (M}^"^ , dt x A/o^i). The logarithmic 
Sobolev inequality for the Gaussian measure 7Vo,i (see e.g. |Gro751 formula (1-2)]) yields, 
for each t G R, 



|n(t,x)|2log(|u(t,x)|)A/'o,i(dx) < J |D^.npA/'o,i(dx) 



Hence, following e.g. the lines of |LMP06j . for each > 1 we obtain 

T T 

j j |ttp7Vo,i(dx) dt < y j XE{x)k^ Mo^iidx) dt 

T 



^k^/ / ^■B-(x)|nplog|u|A/'o,i(dx) dt 



B{0,RY 

<eTMo,i{B{o,Rr)+ ^ 



log fc' 



where E = {\u\ < fc}. Therefore, given e > 0, there exists R > 0, independent of n, such 
that 



|upAAo,i(dx) dt < e. 



B{0,RY 



Since L'^#{{0,T) x B{0,R),dt x Mq^i) = L|((0,r) x B{0,R)), and the embedding of 
H'^''^{{0,T) X B{0,R)) into L'^i{0,T) x B{0,R)) is compact, we find {fi,...,fk} C 
L^((0, T) X B{0,R)) such that the balls B{fi,e) cover the restrictions of the functions 
of B to (0,r) X B{0,R). Now, let fi denote the extensions to (0,r) x by 0. Then 
B C ^i=iB{fi, 2e) and the proof is complete. □ 
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6. Proof of Theorem 11.31 

Without loss of generality, we restrict ourselves to the case Ti = a < and T2 = 0. 
We first consider the problem 

Us{s, x) + C{s)u{s, x) = 0, s e (a, 0), x G M", 

u{0,x) = ip{x), X £ M". 

Proposition 6.1. For each ip G H^{W^,uq) the function (s,x) 1— s- u{s,x) := {Psfiip){x) 
belongs to i^^'^((a, 0) x M",zy) and there exists C > 0, independent of ip, such that 

(6-1) lkll/fi.2({a,0)xR",i/) < C'l|y'l|j/i(R",i/o)- 

Proof. We use the following identities: 

(6.2) [C{s),D]Ps,oV^ = iCis)D - DL{s))Psfl^ = A{s)DPs,oP> = A{s)U*{s, 0)Ps,oDip, 
and, for iP e H^{R'',Us), 

(6.3) [ \Di}\^dsp{s,x)dx = 2 f {C{s)Di),Di))<lvs+ f \B* {s)D'^i)\^dus■ 
Jw^ JM" JM" 

Formula (|6.2p follows from the explicit expressions of C{s) and Pgfi^ while (j6.3p follows 
from Lemma [2.41 and the identity C{s){ip^) = 2ipC{s)ip + |i?*(s)Z)(/3p, applied to each 
derivative Z)j'0. 
Thus, we obtain 

dsj \DPs,o^\'^Us{dx)=-2 j {DC{s)Psfl<p,DPsfi<p)Us{dx) + j \DPsflip\^dsp{s,x) dx 
= -2^ (/:(s)L»P,,o9^,^/'.,o9^)i^.(dx) 

+ 2 j {[Cis),D]P,^o^,DPs,oip)i^sidx) + j \DPs,o^\^dsp{s,x) dx 

= y |B*Z)2p,^o<^|2j.^(dx) 

+ 2 y" (A(s)C/*(s,0)P,,o^</',C/*(s,0)Ps,o^'/')i^s(dx). 
Integrating with respect to s, we obtain 



II IIl2{R",,.o) ~ II l-^^'J.O'^l = j j \DPsM^^s{<^x)ds 

a R" 



= j j {\B\s)D^PsM'' + '^{Ms)U*{s,Qi)Ps,oD^,U*{s,Q)PsflD^))vs{dx)ds. 
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Since < l//io by assumption (jl.Sp . then 



1 



and, hence, 



Px^l llL2((a,o)xR",i.) < — / / \B*{s)D Ps,oip\ i/s(dx)ds 



II \DIu\ ||L2((a,0)xIR",!^) + II \DxU{a, •)! ||L2(iRn^,^^) < C{T)\\ \Dip\ ||Hi{M",iyo); 

where C(a) > is independent of ip. Since S^n = —C{s)u{s, ■) the statement follows 
using estimate (|4.ip . □ 

We also need the following lemma about the traces at t = of functions belonging to 
i?i'2((a,0) X 

Lemma 6.2. We have 

H\R'^,uo) = {n(0,-) : u G H^^^{{a,0) x W,u)}, 

and the norm 

if ^ inf{||n||^i,2((„^o)xM",i.) : ^^(0, ') = ^} 
is equivalent to the norm of H^{W^,uq). 

Proof. By Lemma [0| we have Tqu G f/'^'^((a,0) x W^,uq) and there exists C > 0, 
independent of u, such that 

II'^^II//i>2((q^O)xR",!/o) - C'||'u||^i,2((a^o)xR",i/)- 
Therefore, by standard arguments, 

ll'"(Or)||Hi(R") = ll(^'")(Oi ■)||h1(R",j^o) - C'||?(3'u||Hi.2{(a,0)xR",j^o) - C'||n||^i,2((a^o)xR",i/)) 

where C is independent of u. On the other hand. Proposition 16.11 states that for each 
if G H^{W,i^o) the function u{s,x) = {Psfiip){x) belongs to H^''^{{a,0) x M",i/), with 
estimate (16.111. The statement follows. □ 



Finally, we are in the position to prove Theorem 11.31 Let / G L^((a,0) x M",zy), fix 
A > and set 

( -e^''f{s,x) X G M", s G (a,0), 
fxis,x) = < 

( X £W, (a,0) 

Then fx G L'^{R^+'',u) and, by Theorem [TH ua := (A - G)-^fx G i/^'2(Mi+", zy), and 
||ua|1hi.2(ri+",;/) < C||/A||L2(]gi+n wlth C Independent on /. Moreover, ui{s,x) := 
e~'^^ux{s,x), x G M", s G (a, 0) satisfies 

9sni(s, x) + £(s)ni(s, x) = -Ae"'^''uA(s, x) + e"'^''^nA = -e"'^'*/A(s, x) = f{s, x) 

for x G M" and s G (a,0). Furthermore, there exists Ci > 0, independent of /, such that 

ll'"l|Ui.2((a,0)xR") < C'l||/llL2((a,0)xR")- 

Hence, by Lemma 16.2^ 

u:=ui+ P.fi{uo-ui{0,-)) eH^'^{{a,0) xM",i/) 
and u satisfies (jl.lTp and (jl.lSp . 
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